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1. Let a sequence of functions H&X) be defined recursively by means of 
H,(x) = 1, for k > 0. (1) 
It is easily seen by induction that when k > 0 Hk(x) is a rational function 
with numerator of degree k - 1 and denominator (x - 1)“. The Eulerian 
polynomials Rk(x) are then defined by 
R,(x) = (x - 1)” Hk(X) (k > 0). (2) 
The rational functions Hk(-x) were introduced over two centuries ago by 
Leonhard Euler (see 121). A complete background on the nature and basic 
properties of these functions, as well as the Eulerian polynomials and their 
coefftcients, may be obtained from the works of Frobenius [3] and Carlitz 
] I ]. The number-theoretic importance of the H-functions stems from the fact 
that they are connected both with the Bernoulli numbers [ 1, 3, lo] and with 
Kummer’s work on Fermat’s Last Theorem [6]. 
It can be shown that Rk(x) is manic, has positive integer coefficients, and 
satisfies the identity Rk(x) = xkP’R,( l/x) for x # 0. It follows from this last 
relation that the reciprocal of every zero of Rk(x) is itself a zero, Frobenius 
[3, p. 8291 noted further that the zeros of Rk(x) are real, distinct, and 
negative, that R,(-1) = 0 if k is even, and that when k > 2 the zeros of 
Rk+,(x) are separated by those of Rk(,y). 
If we set Rk(x) = Cj”=, A,.&’ = C,:=, Akjxk-j, the A, are referred to as 
Eulerian numbers. These numbers can be calculated by the explicit formula 
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An idea of how quickly the average magnitude of the A,i in the kth rank 
grows with k may be gleaned from 
(4) 
a relation which is a direct consequence of an important identity established 
by Frobenius [3, p. 8301: 
Rk(X) = 2 A’O”(x - 1)k-’ (AfOk = A’XkI,mO). (5) 
I=1 
Notation. Henceforth we shall let Pk(x) denote R,(x) if k is odd and 
R,Jx)/(x + 1) if k is even. Furthermore, for k > 2, pL = p,(k) will represent 
the largest prime not exceeding k. 
It has been conjectured that P&X) is irreducible over the rational field Q. 
To date it has not been possible either to verify this Irreducibility Conjecture 
completely or to give a counterexample. However, we shall show that when 
k > 3, even if Pk(x) is not irreducible over Q, it must nevertheless possess an 
irreducible factor of degree d > pL - 1. 
2. LEMMA 1. Let k and u be positive integers, r a non-negative integer, 
and n an arbitrary integer. If p is any prime such that (p - 1) I2k, then 
Arn2k+u = AlnU 
(mod P). (6) 
Proof If pin. then trivially n’k+u = nU (mod p). If pi;n, then npp’ = 1 
(mod p) (Fermat’s theorem), so that nzk = 1 (mod p) and thus nzrt ’ = nU 
(mod p). Hence the lemma is true for r = 0. 
Nowsupposethat (6)holdsforr=s>0.ThenA”+‘n’Lt”=A”(n+ l)“+’ 
- Asn2k+u = A”(n + l)U - ASnU = A St ‘nU (mod p). Thus, by induction, (6) 
is valid for all r > 0. 
LEMMA 2. Let F(x) = aOxn + a,x”- ’ + s .. + a, be a polynomial of 
positive degree with integer coefficients. Let p be a prime such that ak is not 
divisible by1 p. ak+ , ,..., a,, are divisible by p, and a,, is not divisible by p’. 
Then F(x) has an irreducible factor with integral coefficients of degree at 
least n-k. (See, e.g., 18, p. 1951.) 
THEOREM 1. For each k > 3. either Pk(x) is irreducible over Q or it 
possesses an irreducible factor with integer coefficients of degree d > pL - 1. 
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Proof. Since an irreducible factor of R,(x + 1) = Cf=, A’Okxkpt induces 
one of the same degree in Rk(x), it is enough to prove the theorem for 
Rk(x + 1) in place of P&). 
Set u = k - (pr. - 1). By Lemma 1. A’Ok = A’O” (mod p,.). But A’O” = 0 
for r > u. 
Next, 2p, - 1 > k. For otherwise, by Bertrand’s “Postulate,” there would 
be a prime q such that pL < q < 2p, - 1 < k, which would contradict the 
definition of pL. Thus 2p, > k, so that pz does not divide AkOk = k!, and 
p, > k - pr + 1. so that pL does not divide A”0” = (k - p, + l)! and hence 
does not divide A”Ok. 
Now, in view of Lemma 2, R,(x + 1) has an irreducible factor with integer 
coefficients of degree at least k - u = k - (k - p,, + 1) = pr - 1. 1 
If k = p or p + 1, where p is an odd prime, then the degree of PA(x) is 
p - 1 = p,. - 1. Thus, in view of Theorem 1, we have 
COROLLARY 1.1. If k = p or p + 1, where p is an odd prime, then Pk(-x) 
is irreducible over Q. 
THEOREM 2. If p is prime, R + ,(x) is irreducible over Q. 
ProoJ: It is enough to prove the theorem for R,,_ ,(s + 1) = 
C;“;’ A’0 ?p- 1wx2P-1-ts B y Lemma 1, A’O’“-’ = A’O’ (mod p). But 
A’O’ = 1 if r= 1 and 0 if r > 1. Also, A’p-‘O’pp’ = (2p - l)! is not 
divisible by p2. The irreducibility of RzD+ ,(x + 1) now follows from 
Eisenstein’s criterion. 
Remark 1. The irreducible factor T(x) of Theorem, 1 is of even degree, 
and the reciprocal of each of its zeros is also a zero. 
Indeed, U(x) = xdT(l/x) and T(x) both have the same degree d, and they 
are both irreducible over Q. Furthermore, because 2p,, ~ 1 > k (see the proof 
of Theorem 1). we must have d > +(k - 1). Since U(x) is a factor of R,(x) 
and since Rk(x) cannot have two distinct irreducible factors the sum of 
whose degrees exceeds k - 1, we must have T(X) = xdT(l/x). Because the 
zeros of T(x) are distinct, it follows that d is even. 
Remark 2. The polynomials P,,,(x), P,,(x), and P,,(x) are irreducible 
over Q. 
Indeed, we observe that pl. = 7, 13, and 13, respectively. Hence, in view of 
Theorem 1 and Remark 1, if any one of the polynomials fails to be 
irreducible it must have a factorization of the form (x2 + ax + 1) T(x), where 
T(x) is irreducible and a is a natural number. To eliminate this possibility it 
suffices in each case to pair every zero with its reciprocal and to verify that 
the sum of the numbers of any such pair is not an integer. These sums are 
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exhibited below. All computed zeros were rounded off to seven significant 
digits; the same was then done for the sums. ’
P,,(x): -2.913005, -1.663358. -31.56814, -963.8556 
P,,(x): -2.096507, -2.979043, -5.541872, -13.24982, -45.99440, 
-356.9988, -32,325.13 
P,,(x): -2.354907, -3.673342, -7.137933, -17.58751, -64.09638, 
-549.6788, -64,873.47 u 
Remark 3. In the light of Corollary 1.1, Theorem 2, Remark 2, and the 
fact that PI(x) = Pz(x) = 1 the Irreducibility Conjecture is now known to be 
true for all k from 1 through 21. 
The next two theorems give some information about how the degree of the 
irreducible factor in Theorem 1 compares with k. 
THEOREM 3. The polynomial P,,(x) is irreducible over Q, or else it 
possesses an irreducible factor of degree d > Sk. 
Proof Case 1: 1 < k < 30. As noted in Remark 3, Pk(x) is irreducible 
for k = l,..., 21. By Corollary 1.1 Pk(x) is also irreducible for k = 23, 24, 
and 29, and by Theorem 2, for k = 25. Only the factorizations of P?*(x), 
P,,(x), P,,(x), and Pz8(x) are unknown. Observe that pI - 1 is 18 for k = 22 
and 22 for the remaining three cases. The ratios (pL - 1)/k are E, $$-. s, 
and $ = s-, respectively. By Theorem I we have d/k > (pL - 1)/k > s in 
these four cases. 
Case 2: k > 30. It is known (see 171) that for any real x > 25 there 
exists a prime p such that ?I < p < $x. Thus for k > 30 there is a prime p 
such that [ik] + 1 < p < k, so that, by Theorem 1, d > p,. - 1 > [ikj > 
ik-l>++k. 
THEOREM 4. To any real number r such that # < r < 1 there 
corresponds a T(r) > 0 such that, whenever k > T(r), the polynomial Pk(x) is 
irreducible over Q or has an irreducible factor of degree d > Irk]. 
Proof: It is well known (see, e.g., [4, p. 3711) that, given any e > 0, there 
exists a fixed Y(E) > 0 such that for any x > Y(E) there is a prime p satisfying 
x < p < (1 + E)X. Set E = (1 - r)/r, and replace x by rk. There is then a 
’ The zeros of Pk(.y) for li = 10, 15. and 16 were computed at the University of Maryland 
Computer Science Center on the UNIVAC 1100/40. using the Sample Program for Real and 
Complex Roots of a Real Polynomial (SMPRT) with the subroutine POLRT from the Scien- 
tific Subroutine Package. AI1 other calculations for Remark 2 were done on a Texas 
Instruments SR-56 hand calculator. 
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r(r) > 0 such that, whenever k > r(r), there exists a prime p satisfying the 
inequality rk < p < k. Hence rk < p < pL < k, so that p,, - 1 > rk - 1. Thus, 
by virtue of Theorem 1, if k > r(r) and Pk(x) is not irreducible it possesses 
an irreducible factor of degree d > p,. - 1 > irk]. (Observe that l(G) < 1.) 
3. For a fixed positive integer k we define a sequence of functions A,;‘xk 
inductively by the conditions 
A,‘Ok=O for every positive integer t, 
A;xk = xk and (7) 
A,‘(x + l)k - A,‘xk = A,“-“xk for any number x. 
It is well known from the calculus of finite differences that for a fixed k and 
a fixed t conditions (7) define a unique function and that, moreover, this 
function is a polynomial of degree k + t. If n is a positive integer, 
A;‘nk = C,J’z,’ jk. 
In 1882. Worpitzky [ 111 showed that for any natural number k. 
This formula, which may be written as 
Xh = 2 Ak,A;-k(.u + u - 1) = ^\;’ Ak,i+,A,!-k(.~ + i), (9) 
u=l ,ro 
gives rise to speculation about identities of the form 
k-r 
xk = 1‘ CQA;-~(X + i)’ 
iY0 
(1 < r < k), (10) 
where the ai, i = O,..., k - r, are to be integers. 
LEMMA 3 (Uniqueness of a Worpitzky Expansion). Let k be a positive 
integer and bj, cj, j = l,..., k. real numbers. If 
(11) 
for every real x, then bj = cj for each j. 
Proof. Set x = 1 in (11). Since (‘,) = 0 for j = O,..., k - 1 and (“,) = 1, 
we have b, = ck. Now suppose that k > 1 and bj = cj for j = k,..., k -- (t - l), 
where t is some integer such that 1 < t < k. Set x = t + 1. Because ( ‘:j) = 0 
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for j = O,..., k - (t + 1) and 1 for j = k - t. (11) together with our supposition 
yields bk-I = ckPr. The conclusion follows by induction. 
LEMMA 4 (An Extension of Worpitzky’s Formula). For an?, non- 
negative integer s and positive integer k, 
(12) 
ProojI We proceed by induction on s. For s = 0 (12) reduces to (8). 
Suppose that (12) holds for s = t. We set G(x) = C,F_, Akj(:l{; :). Since 
(,c;: ,) vanishes for j = l,..., k, G(0) = Cj”=, Akj(k(;:, ) = 0. Also, 
the last equality being the result of the induction hypothesis. Then we must 
have G(x) = A;“+“xk, and the induction is complete. 
THEOREM 5. Let k and r be integers such that 1 < r < k. There exist 
integers aO,..., ffker such that xk = Cf:l aiAh-k(x + i)’ (Eq. (10)) zfand only 
if’ 
R&(X) =R,(x) . x aiXkermi. 
i-0 
(13) 
ProoJ In what follows we set ai = 0 if i > k - r and A,, = 0 if s > r. 
Assume that there are integers aj such that (10) holds. An application of 
(12) to the summands of the right member of (IO) yields 
k-r 
.xk = \‘ ai 
[TO 
(14) 
Hence, by virtue of (8), 
Our task is to transform the double sum in the right member of (15) so that 
all terms with the same binomial coefficient are combined to form a single 
‘Clearly uO= 1 and ui=aLm, ,. i=O ,.... k-r 
EULERIAN POLYNOMIALS 163 
term. We consider the rectangular array with k - r + 1 rows and Y columns 
which has aiAVj(““‘~j’-’ ) in position (i + 1, j). The right member of (15) is 
the sum of the entries in this array obtained by adding together the entries in 
each row and then adding the row totals. Let us now evaluate the same sum 
by adding together the entries in each rising diagonal (there are clearly 
(k ~ r + 1) + (r - 1) = k of these) and then adding the subtotals from left to 
right. Since on each of the diagonals i + j remains constant, we obtain 
Lemma 3 guarantees that for u = l,..., k, 
(17) 
Since R,(x). C::,‘U~X~~‘~~ = Cz=, [C’<d CL~A~,~+~] xkeU and RL(x) = 
I”, ~, A kUx’PU, (13) is an immediate consequence of ( 17). 
Conversely, suppose that there are integers a,,,..., ak-,. (necessarily 
positive) such that (13) holds. Equating coefficients of like powers of x in 
(13), we obtain (17) and hence ( 16). Consider an upper triangular array with 
k rows and columns, the entry in position (i + 1, j) being aiAJ .r-~(ii “- ’ ) 
(recall that any entry for which i > li - r orj > r is 0). The right member of 
(16) represents the sum of the entries in this array obtained by adding 
together the entries along lines parallel to the hypotenuse and summing the 
subtotals from left to right. If, instead, we sum the elements of each row and 
add the row totals we obtain x:1,’ CT=-f aiArj( -rt’i:i’ -’ ). Omitting the zero 
summands, we obtain the right member of (15). By applying (12) to both 
sides of (15), we obtain ( 10) without difficulty. 
Remark 4. Since R,,(x) = (x + I)Pzs(x) = R?(x) . CfT,’ B2,5p,.i 
. .? -i, Theorem 5 yields 
The B-numbers are positive integers. Clearly B,,‘_ r,, =: 1 and 
B -B 2x- 1-i - 2 ,-,, ?sPi. Also, for i > 2, B,, _ ,.i =AZs,; - Bzsm,,i-,: this formula 
is useful for computation. 
As an example, R,(x) = x3 + 1 lx’ + 1 lx + 1 = (X + 1 )(x’ + 10.~ + 1) so 
that x4 =A;*.,$ + IOd;‘(,u + 1)’ + A;‘(s + 2):. In particular, 3J = 
1 + lO(6) + 20 = 81. 
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LEMMA 5. For any non-negative integer s and arbitrary) real numbers .Y 
and y, 
x - y 
( 1 
y+i-1 
s 
= i t-1)’ .’ 
;=a ( !( s-i 1 i ’ 
(19) 
Proof. In Vandermonde’s addition theorem. (-‘Z?‘, = X) -,) (,$-:;)(: ). 
replace ~1 by --,‘. and recall that ( 7’) = (-1)’ (?“f-I). 
THEOREM 6. Suppose that k > 4 and 2 < r < k. Let p, *.... p, be all the 
distinct odd primes such that for i = I,..., t, pi - 1 divides k - 1 if k is odd 
and k - 2 if k is even. Let m = Icm(p, - l,..., p, - 1). If Rk(x) = 
R,(x) . G(x), where G(x) is a polynomial, then 
(a) r ~ 1 < k - pr, and 
(b) m / (r - 1) or m 1 (r - 2) according as r is odd or even. 
Prooj (a) By Theorem 1, RJx) has an irreducible factor T(x) of 
degree d > pr - 1. Now T(x) is a factor either of R,(x) or of G(.u). We show 
that the first alternative is untenable. 
Frobenius [3, p. 8471 established that 
2”+ ‘xR,(x’) = (1 + s)“+ ’ R,@) ~ (1 - x)“+ ’ R,(-.u). (20) 
On the one hand, therefore, 2k+1xRk(.u’) = (2k-‘G(x2))(2”‘xR,(.u’)) = 
2kP’G(x2)[(l + .x)‘~‘R,(x) - (1 -x)~+‘R,(-x)], and on the other. 
2k+1.xRk(~‘) = (1 + x)~+’ R,(x) G(x) - (1 - x)~+’ R,(-x) G(-x). It follows 
that 
(1 +x)‘+’ R,(x)[Zk-‘G(x’)- (1 +x)~-~ G(x)] 
=(~-x)‘+~R,(-.u)[~~~‘G(~~)-(~-x)~~~G(-,~)~. (21) 
Since the zeros of (1 + .Y)~” R,(x) are all negative, those of 
(1 - x)~+’ R,.(-x) must all be positive, so that, on account of (2 l), W(x) = 
2k-‘G(~2) - (1 + x)~-” G(x) has (1 -x)“’ R,(-x) as a factor. As the 
degree of W(x) is 2k - 2r (the coefficient of xZheZr is 2”-’ - 1 # 0), we must 
therefore have 2k-2r-(r+ l)-(r- l)>O, i.e., 2k-4r>O,or r<$k. If 
7’(x) were a factor of R,(x), we would have pIs - 1 < r - 1, so that p,, < Sk. 
But pL > jk (see the proof of Theorem 1). Hence T(x) must be a factor of 
G(x). But then k - r > p,. - 1, or r - 1 < k - p,. . 
(b) By virtue of (5) and Lemma 1, if pi is any one of the primes 
PI 3”.. P,, R,(x + 1) E A’O’xk-’ =.Y’-’ (mod pi) or R,(x + 1) = 
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d’02xk~ + A202xk~* = xkP2(x + 2) (mod pi) according as k is odd or 
even. Thus 
Rk(x) E (x - l)kP’ (mod pi) for k odd, 
= (x - l)kP2 (x + 1) (mod pi) 
(22-j 
for k even. 
We distinguish two cases: Y odd and r even. The latter, in view of (22), can 
occur only for even k. 
Case 1: Y odd. By (22). R,(x) = (x - l)‘-’ (mod pi). Upon comparing 
coefficients of like powers of x modulo pi, we find (using (3)) that 
5-I 
A,,= 2 (-1)j 
r+ 1 
j-0 ( 1 .i 
(S--y, (-I)‘- ;I ; 
i 1 
(mod pi). (23) 
But according to ( 19) with s = Y + 1, ?’ = 2, and s - 1 in place of s. 
=i'(-l)i(rT* ) (s-j). 
j-0 J 
Thus 
k’(-*)j (r+l ) [(s-j)r-(~-j)]rO (mod piI. (24) 
i-0 .i 
Also, we have for any 1, 
F (-1)’ (‘f l j I( t + r + 1 - i)’ - (t + r + 1 - i)l 
iL0 
=A’+‘[‘-A’+‘f=O. (25) 
Now I’ s 1 (mod pi) trivially for I= 1 and, assuming that this congruence 
holds for 1 = l,..., u - 1, it must be valid also for 1= u on account of (24) if 
u < r and (25) with t = u - r - 1 if u > r. By induction, therefore, 1’~ I 
(mod pi) for every natural number 1. In particular, g’ = g (mod pi) if g is a 
primitive root belonging to pi. Hence g’-’ = 1 (mod p,), so that (pi - 1) / 
(r - 1). It follows that m 1 (r - 1). 
Case 2: r even. Since (b) is trivial when r = 2, we assume in the sequel 
h41.‘18/? 3 
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that r > 4. By (22), R,(x) = (x - l)‘-’ (x + 1) (mod p,). If we compare coef- 
ficients of like powers of x modulo pi and make use of (3), we obtain for 
s > 2, 
But according to (19) with ,Y = r + 1 and J’ = 3, we have 
= (-I)“- ’ \ ‘1;; t-l? ( s:;:j)(3+;-1) 
+ (-l)“-2 1 s-T2(-1)’ (sl;lj)(3+;-1) 
i=O 
s-1 
= \‘ (-1).7-‘-i 
i 
r+ 1 jS2 
,ro s-l-j )i 1 2 
\-2 
+ \’ (-1)“~ 24 
,To i 
r+ 1 jS2 
s-2-j I 1 
=$ly (‘T1 )I (‘+:lj2 (‘yj) 1 
5-I 
=\‘(-I)’ r+l 
! i 
(s -j)*. 
j-0 j 
Thus, for s > 1. 
[(s-j)r-(s-j)21-0 (mod pi). (27) 
Analogously to (25), we have for any t, 
[(t + r + 1 ~ i)’ - (t + r + 1 ~ i)‘I 
(28) 
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In the manner of the argument in Case 1 with (27) and (28) in place of (24) 
and (25), we can show that for every natural number 1, 1’~ I2 (mod pi). It 
follows that if g is a primitive root belonging to pi, g’-’ E 1 (mod p,). Hence 
(Pi - ’ 11 (r - 2)3 so that m 1 (r - 2). 
Remark 5. Whenever Pk(x) (k > 4) is irreducible over Q (e.g., when 
k = 4, 10, 15, 16, p, p + 1, 2p - 1. where p is prime and p > 5), an identity 
of the form (10) is impossible for any Y such that 2 < Y < k. Therefore, if the 
Irreducibility Conjecture were true, (10) would be impossible for at~v k > 4 
when r > 2. Theorem 6 gives us the means to draw this conclusion for many 
(though not all) k > 4, even though the factorization of Pk(x) may be 
unknown. 
COROLLARY 6.1. If k > 4 and there is a w such that M: / m and 
w > k - p, , then an identity of the form (10) does not exist for any r such 
that 2 < r < k. 
Proof: By Theorem 6(b), r - 1 > m > ~1. But then Theorem 6(a) is 
violated, so (13) cannot hold. 
Remark 6. If k (> 5) is odd, then k and k + 1 either satisfy or fail to 
satisfy the hypothesis of Corollary 6.1 simultaneously. 
For m is always a positive even integer, while if k is odd then k and k + 1 
have the same m and p, and k + 1 - pI is odd. 
Examples. Corollary 6.1 applies to k = 1565 and k = 2p. p an odd prime 
(and thus also to k = 1566 and k = 2p - 1). When k = 1565. p, = 1559, and 
m = 92 > k-p, = 6. When k= 2p, m > p- 1, and p, > p + 1 by 
Bertrand’s “Postulate,” so that m > k - p, also. 
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